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Introduction

In this lecture, we explored the macromechanical
analysis of laminas, covering stress-strain relationships,
stiffness and compliance matrices, and problem-based

applications in composite engineering.
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Objectives

By the end of this session, students will be able to:

- Understand the mechanical behavior of a unidirectional
lamina.

- Analyze stress and strain relations in composite materials.
- Compute stiffness and compliance matrices.

- Apply stress transformation equations.

- Solve engineering problems related to composite laminas.
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Topics to be covered

- Deformation of Unidirectional Lamina

- Stress and Strain Analysis

- Elastic Moduli and Stiffness Matrices

- Compliance Matrices for Different Material Types

- Examples of Stress Analysis in Composite Laminas
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Typical Laminate
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FIGURE 2.1
Typical laminate made of three laminas
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Deformation of Unidirectional Lamina
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FIGURE 2.2
Deformation of square, isotropic plate
under normal loads
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Deformation of Unidirectional Lamina
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Deformation of Unidirectional Lamina
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FIGURE 2.3
Deformation of square, unidirectional lamina
with fibers at zero angle under normal loads
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Deformation of Unidirectional Lamina
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Deformation of square, unidirectional lamina
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Deformation of Unidirectional Lamina
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FIGURE 2.4
Deformation of square, unidirectional lamina
with fibers at an angle to normal loads
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Deformation of Unidirectional Lamina
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Stress
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Strain
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Strain
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u = u(x,y,z) = displacement in x-direction at point (x,y,z),
_lim AB'-AB
AB — 0 AB

v = V(X,y,z) = displacement in y-direction at point (x,y,z), ey

w = wW(X,y,z) = displacement in z-direction at point (X,y,z)

Where:

ArBr= \/(AIP!)2 + (BIPI)2

= JIAX+U(x+AX,y) —u(x, y) P +[V(x+Ax,y) -v(x,y) T

AB = AX
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Strain
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Substituting

~lim { [1+ u(x+4 +) - u(X,y)}2 N [V(X+A +) -V(X,y)T}l/2 )
Ax

Ax

M o<q — ou
OX Ex — —
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Strain
bl g} iy
u = u(x,y,z) = displacement in x-direction at point (x,y,z),
lim 'D’ -
v = V(X,y,z) = displacement in y-direction at point (x,y,z), gy = AD -AD
AD — 0 AD

w = wW(X,y,z) = displacement in z-direction at point (X,y,z)

Where:

AD'= {(AQ)" + QD'

= Jldy +v(xy +4,) —v(xy) T Hu(xy +4, )- u(xy) T,

AD = Ay

COLLEGE OF ENGINEERING - dsssiml| a4l&

e pmy



Strain
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Substituting
1/2
_hm V(XY +Ay) v L Tuy+ay)-uxy) T
Ey= 1+ + -1
Ay -0 Ay Ay

Mot — oV
oy 8y:5
@<<1 —>

COLLEGE OF ENGINEERIN%/ - dwsiml als
Tikrit University - <5 aeola




e @

Strain
i
Yy — 01 T 0
Where:
lIm P'B’
91 — ey !
AB—->0 AP

P'B'=v(x+ AX,Yy) -v(X,Y),
AP =u(x+ AX,y)+ Ax - u(X,V)
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Strain
g
Yy — 01 T 0
Where:
lim  Q'D’
92 — / !
AD >0 A'Q

Q'D'=u(x,y+Ay)-u(x,y),
A'Q'=V(x,y+Ay)+ Ay - v(X,Y)
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Strain
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Strain

abal | edggls

YOUR WAY TC SUCCESS

_ oy ow
v T o oy
_ow,
T T o T e
_ ow
fu T oy

COLLEGE OF ENGINEERING - dsssiml| a4l&
Tikrit University - <5 aeola




abal | edggls

YOUR WAY TC SUCCESS

. = du _0v ow

¥ ox = 9y 2= Bz
au+av _av+aw _E)w_l_au
Yoy = 5y " ox vz =527 By Vox = 55 " 6z
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Elastic Moduli
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Elastic Moduli
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Elastic Moduli
i o
EQ-v) VE VE 0 0 O]

1 @-2v)A+y) (1-2v)Q+v) (A-2v)(1+v) L
O Ex
oy VE E(1-v) VE 0 0 0} ¢

1-2v)(1+v) (@(@Q-2v)1+v) (1-2v)(1+v)
o £
el VE VE EL-v) 0 0 0|y,
1-2v)1+v) (@(@Q-2v)(1+v) (1-2v)1+v)
ZX 7/ZX
! 0 0 0 G 0 O
Txy 7/xy
- 0 0 0 0 G 0|7~
B 0 0 0 0 0 GJ
Where: E
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Strain Energy
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W:E(O'ng+0y8y+0-zgz+fxy 7/Xy+TyZ7/yz+TZX7/ZX)
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A composite aerospace panel is subjected to an in-plane load due
to aerodynamic forces. The panel consists of a unidirectional lamina

’ i i : : ) bl @] syl
with fibers aligned along the x-axis. Engineers need to determine the ===

deformation behavior under applied stresses to ensure the safety of
the structure.

* Given Data:
« Normal stress in fiber direction: . = 50 MPa
* Shear stress: 7., = 10 MPa
* Elastic properties of the composite matenal:
« [y = 150 GPa (Longitudinal modulus)
e Fo = 10 GPa (Transverse modulus)
* (7y5 = 5 GPa (Shear modulus)
e 4o = (0.25 (Poisson's ratio)
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Using the compliance matrix equation for an orthotropic lamina:

Since oy, = (0

0.25
% B0 — ——

»* 0= 0.0003
150 150 33

Yoy = = % 10 = 0.002 rad

i

Thus, the normal strain in the fiber direction 1s 0.000333, and the shear strain 1s 0.002 rad.
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Lamina and Laminate
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FIGURE 2.1
Typical laminate made of three laminas
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Compliance Matrix [S] for General Materia
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€1 Si1 S12 Sz S Sis S| o1
&2 Sz S22 S S S Sz || 02
€3 Sai Sz Saz Sa Sz Sz || o3
V23 Sar Sa2 Saz Sa Sss Sse || T2

Va1 Ss1 Ss2 Ssz3 Ssqa Sss Sse || T3

Yo| LSer Se2 Ses Ses Ses Ses| | 712
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Stiffness Matrix [C] for General Material
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o1] [Cu Cn Ci Cu Cis Cull| &
52| |Cu Cu Cus Cau Cus Cul| &
o3| |[Cu Cz Cs Cu Cx Cas|| €3
7535| |Ca Ca2 Cas Cas Cus Cus||72
ts| |Csi Cs2 Css Css Css Cos || 7
12] [Cei Ceo Ces Ces Cos Cos)| Vo]

Stiffness matrix [C] has 36 constants
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Compliance Matrix [S] for Isotropic Materi

izl s
el [Su S Sw 0 0 Ol 4,
&2 Si2 Su1 S 0 0 0 4,
& S, S12 Su 0 0 Ol &
yel | 0O 0 0 2(S,,-S,) 0 o
> 0 0 0 0 2(S,,—S,) o
.| | 0 0 0O 0 0 2(S,-Sp,) Lt
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Stiffness Matrix [C] for Isotropic Materials

izl s
&| |[Cu Cn Cu 0 0 0T o
e2] |Ci Cu Cu 0 0 01l o2
&3| C, Cu Cu 0 0 0 4
vl | O 0 0 2(C,-Cy) 0 o
Vo 0 0 O 0 2(C,,—C,,) 0| z4
o] | O 0 0O 0 0 2(C,—Cy) |Lrno.
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Compliance Matrix [S] for Isotropic Materi
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1 v v 000
E E E

v 1 v 000
[ & E E E N
|y v 1 0 0 0pee
&3 E E E 03
Va3 0 0 0 1 0 O0}]rz
V31 G 731
| V12| 0 0 0O O l 0| L7z

G
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Stiffness Matrix [C] for Isotropic Materials

E(1-v) VE VE 0 0 O
- @Q-2v)@Q+v) (1-2v)(1+v) (1-2v)(A+v) L
O x Ex
oy VE E(1-v) VE 0 0 0} g
(1-2v)(1+v) (1-2v)(1+v) (1-2v)(1+v)
O ; E7
| VE VE EQ-v) 0 0 Of/y,|
(1-2v)(1+v) (A-2v)(1+v) (1-2v)(1+v)
T 2x Y x
0 0 0 G 0 O
- 0 0 0 0 G o
0 0 0 0 0 G_
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 Compliance Matrx[STfor

Anisotropic Material

&l
&2
&3
V23
V31

712 |

S
Sa
Sai
Sa
Ss1
Se1

S12
S2
S32
Saz
Ss2
Se2

S13
S23
S33
Sa3
Ss3
Se3

COLLEGE OF ENGINEERING - dsssiml| a4l&
Tikrit University - cu)$s a=ola

S14
S24
S34
Sus
Ss4
Ses

01

(0]

03

723

731

T12_

<

alaal @l| iy

YOUR WAY TC SUCCES!




Stiffness Matrix [C] for Anisotropic Materia
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61] [Cu Ci Ci Cu Cis Cul| @
52| |Cu Cz Caz Cau Cus Cull| €2
o3| |Ca Cx Cas Ca Caxs Casl| 3
72| |Ca Ca Cus Cu Cus Cugl|| V28
zs| |Csi Cs2 Css Css Css Cos || 7as
12)] [Cet Ces Ces Ces Ces Cosl | V|

Stiffness matrix [C] has 36 constants
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A structural engineer is designing a caroon-fioer-reinforced panel for
an automobile chassis. To optimize the mechanical performance, S s

YOUR WAY TC SUCCES!

the stiffness matrix of the lamina must be determined..

* Given Data:
= El

150 GPa

e [,

10} GPa
e (o = 5 GPa

e q9 = (.25
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The stiffness matrix [C'] is given by:

- 12 -
1—uro1m 1—?§m1
_ vy
[C] o 1—::121#21 I S
.0 0 G,
Since 9] = HE?:E'& = % — (0.0167, we substitute:
- 15100 (.25 10 ﬂ-
1—(0.25%0.0167) 1—(0.25=0.0167)
C . 0.25 =10 11} 'D
C] = 1—(0.25%0.0167) 1—(0.25<0.0167)
i 0 0 5
(150.63 2.51 0]
[C] — | 2.51 10.04 0| GPa
0 0 5]

This matrix is crucial for predicting the composite panel’s performance under load.
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Monoclinic Materials
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FIGURE 2.11
Transformatlon of coordinate axes for 1-2
: ydoclinic material
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Monoclinic Materials
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Monoclinic Materials
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FIGURE 2.13

A unidirectional lamina as a
monoclinic material with fibers
arransed In a rectangular array
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Compliance Matrix [S] for Monoclinic Materi
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€1 Su Sz Siz 0 0 Sif 4]
E2 812 S 22 S 23 0 0 826 o2
€3 Si; Sz S 0 0 Si| o3

V23 O O O 844 845 O T23
Va1 0 0 0 S, Sss O za1

| V12 Sig Sy S 0 0 Sepl|l 712
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Stiffness Matrix [C] for Monoclinic Material
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51] |Cu Ciz Cis 0 0 Cy|| &
o2 Ciz Cx Cx 0 0 Cul| &
gzl |Cs Cx Czxz 0 0 Cgil| e
T23 0 0 0 Cu Cg, O]V

731 0 0 0 Cx Css 01| Va1

T12 Ce C, Cy 0 0 Ces 712
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Orthotropic Materials
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Compliance Matrix [S] for Orthotropic Mate
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&1 Si11 Sz Sis 0

0 0T o
e2| |Su Sw Sk O 0 0o
e |Se S» Ss 0 0 0o
sl | 0 0 0 Su 0 O
vl 10 0 0 0 s¢ 0fzs
2ol L0 0 0 0 0 Sl
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Stiffness Matrix [C] for Orthotropic Materi
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o1|] |Cu Ciz Cz 0 0 Of] &
o2 |Ciz C Cxs 0 0 O} e
o3| Ch, Cx Cix3 0 0 O0ff e
723 B 0O O O Cu O Of]|Vax
T31 0 0 O 0 Csx O]fvyqy
o) | O 0 0 0 0 Ce|ys
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Compliance Matrix [S] for Orthotropic Mate
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o E, E, E, -
&2 Va  Va 1 0 0 0o
€3 _ = ) = E_3 03
m | o o o0 1 0 0]
Va1 G—23 T3t

| /12 0 0 0 0 1 0 |- 722
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Transversely Isotropic Materials
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FIGURE 2.15

A unidirectional lamina as a
transversely isotropic material with
filbers arranged in a rectangular array
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Wransversely @

Isotropic Materials
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er] |Su S Sw 0 0 O0f 4
g2| |Siz Sz Su 0 0 0,
| [S2 Sa Sz 0 0 0,
| | 0 0 0 2S,-S; 0 0y
V31 0O 0 O 0 See Of s
o] | 0 0 0 0 0 Sl 7
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Isotropic Materials -
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 _ | Cu Ci Cyp 0 0 0| - -

o1 &1
Cip Cax Cus 0 0 0

02 &2
C, Cxn Cux 0 0 0

03 &3

- 0 0 0 C»n-C, 0 0 Vs

2

731 V31
0 0 0 0 Css 0

T12

10 0 o0 0 0 Cg =
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Compliance Matrix [S] for Isotropic Materi

ol o
&] |[Su S Sw 0 0 O 4,
g2| |S12 Su Sw 0 0 0 o,
&3| S, S Su 0 0 0 4
vl | 0O 0 0 2(S,-S,) 0 o .
Var 0 0 0 0 2(S,,—S,) 0 741
o] | 0O 0 0 0 0 2(Sy;—Sw) L7

COLLEGE OF ENGINEERING - dsssiml| a4l&

e pmy



Stiffness Matrix [C] for Isotropic Materials

izl s
& [Cu Cn Co 0 0 O 4,
e2] |[Ciz Cu Cu 0 0 Ol &,
es| [C Cu Cu 0 0 0| ,,
vl | 0 0 0 2C,-C,) 0 o
- 0 0 0 0 2(C,,-C,) o
] | 0 0 0O 0 0 2(C,—Cp) |Lrio.
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Compliance Matrix [S] for Isotropic Materi
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1 v v 000
E E E

v v 000
o E E E o1
|y v 1 0 0 0poee
&3 E E E 03
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V31 G 731
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Stiffness Matrix [C] for Isotropic Materials

E(1-v) VE VE 0O 0 O
o 11-2v)A+v) (1-2v)A+v) (1-2v)Q+v) L
Ox Ex
o, VE EQ1-v) VE 0 0 0} g
(1-2v)(1+v) (1-2v)Q+v) (@@-2v)Q+v)
o &1
| E VE EQ-v) 0 0 0fly,|
(1-2v)1+v) (@-2v)1+v) (1-2v)Q+v) ,
" 0 0 0 G 0 of "
Txy Y xy
- 0 0 0 0 G 0| "~
0 0 0 0 0 G_
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Independent Elastic Constants

<
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Plane Stress Assumption
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« Upper and lower surfaces are free from external loads

o3 1123 ' T3 ’ FIGURE 2.17
Plane stress conditions |




A lightweight composite wing structure experiences stress due to

. . . . . . alaal @] sy
aerodynamic forces. The principal material directions of the o sk

composite differ from the applied loading. Engineers need to
transform the stresses to the principal material coordinates for
accurate failure analysis.

e Given Data:
* Orientation of the lamina: # = 30°
e Applied stresses:
« o, — 60MPa

* T — 15 MPa
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Using the transformation equations:
0, = 0, cos> 0 + ay sin® @ + 27,y sin 6 cos 6
oy — oy sin” 6 + oy cos” § — 27,y sin 6 cos 6
113 = (0, — 0,) sin @ cos 8 + 7,,(cos” § — sin” §)
Substituting values:
o1 = 60 x cos®30° + 0 x sin® 30° + 2 x 15 x sin 30° cos 30°
op=60x0.7594+0+2x 15 x 0.5 x 0.866
o1 — 45+ 12.99 = 57.99 MPa

o9 = 60 x sin® 30° + 0 x cos® 30° — 2 x 15 x sin 30° cos 30°
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s — 60 x 0.25 + 0 — 12.99
oy = 15— 12.99 = 2.01 MPa
112 = (60 — 0) x sin 30° cos 30° + 15 x (0.75 — 0.25)
112 = 60 x 0.5 x 0.866 + 15 = 0.5
T12 — 25.98 + 7.5 — 33.48 MPa
Thus, the transformed stresses are:
e o — H7.99 MPa

e g9 — 2.01 MPa

e 719 — 33.48 MPa

This transformation is critical for evaluating composite materials under real loading conditions.
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YOUR WAY TC SUCCES!

- The macromechanical analysis of a lamina
-Focusing on deformation under applied loads
-Stress-strain relations

-Stiffness/compliance matrices for composite materials.
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